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Abatract
Different softwarepackages for the static positioning with Gps h"J" b""o developed at the ,Institutfür Erdmessungn si-nce rgeä. g*J-on the-experi*ä *rrr, ,1e old GEoNAt.;;;;". (re8a) and

lä"_ö'-lTii'ffi ?iffiilli:;f S;;öff ::;äiloa",i.Naviäeit"iJi,,on,n,package
The ba'sic concepts and models for the simultaneous adjustment on nondiferenced Gps observablesin the multi-station' multlsession,- -rr,i-.*"ir"-.';;ä il;täequency modes are described. special

;:llrT:3"ä": ?,:änf[:XJ,H:X;;il'ä; .l. :;:. and code ph ases *,r,i.,, .., be com-
The ambiguity problem 

"* 
u"-'oi""a with GEoNAp through combinations of the standard geo-metric approach' code- and carrier phase combination methoÄ, nroid.-n 

";J 
;;;;;" wide laning"techniques and ionosptreric modering.-A d.*riprio. Jil*" ."thods is given.The parameter estimation 

"6;;h. 
consists of 

" "o-bin"tion 
of the least squares a.djustmentin the Gau&'Marcov model and it" xa-.o flt".. p";;;;r. that may be estirnated are receivercoordinates' short. arc sateuite orbits,- receiver 

"oa 
,.t"ttli" 

-.Io.k", 
receiver and satellite hardwaredelays, tropospheric scaling p"t";;;;'r, ionospheric moder parameters and ambiguities.

1 fntroduction

During the last fewd"u",o-p"J d;f*;ff:ilffii:ä:ffi?j:T.:i:fö*T,::,J:iffi: 3i:J,i."jä::::ions have been
At the Institut für Erdmessttg iiF;i the nondiffe*"."ääps observabre has been used since thebeginning of our Gps research ;:g&i."ä'oo diff".*;;;*;.:*l* c.EoNAp ( wübbena tesi) andTIPOSIT (wübbena' et'al' 1986) to"t" ä"u"ioped and rr"ä ü;;;n rgg4 and r9g7. The first one was basedon a general model for the carrier phase adjustment,;;;;;;; '"ne was TI4100 specific. GEoNAp wasquite unhandv and user unfrienatv, ir 

"i"r'L.lJ .-;; ..0är,r, 
^of cvcle srip and ambiguity recovery.These disadvantages lead to 

"" "*.r".i*-u*g" or riposli sirrce 1gg6. TIpo-sIT worked quite well formost of the processed data sets' sio." .-uiluity ,ootuti;;; mainry done through the code-carrier
fffi}lä:äffjfllJ 

modined ;;; ; tü" i,og.o* .""rä},o r" used ror higi' precision rerative
' Based on the explrieuces with GEoNAP and TIPoSIT a new- program system has been under de-velopment since 1988' Although it is a completely 

"";;;t;;" 
the name was chosen to be GEoNAp(GDodetic NAVSTAR n*ltiäiingtb";J the underlvl^* *"ä" is similiar ro rhat one of rhe ord GDoNAP' The main aim of tht ae"aoiä""ilt tt meet the 

"urint 
and probabry future requirements of Gpsusers regarding adjustment software. Some of the requi.";;;; Jr. 

"na 
may be

.aqr L-,*^.^ c -s | 
(Q 8q .
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the simultaneous adjustment of observations from different receiver types'

the simultaneous a-djustment of single and dual frequency measurements'

o a complete variance'covariance estimation,

o to keep the necessary observation time as small as

o tbe full automatic oPeration.

2 The Basic Observation Equation

In this chapter the observation equatio.t'tt 
" 

GPS observable as used

explained.
A GPS satell i te antenna transmits an electromagnetic wave which

nents. These are

LI - the in-phase carrier component of the L1 signal'

.L1o - the quadrature carrier component of the L1 signal'

L2 - the L2 carrier signal,

a

a

possible,

by GEONAP wi l l  be der ived and

consists of different signal compo-

of  the s ignal

P1 - the P-code modulation of the L1 signal,

Ct - tbe C/A-code modulation of t le L1 signal,

Pz - the P-code modulation of the L2 signal and

D - tbe binary data of the navigation message'

Ali components are directly derived from the satell i te clock. thus, the transmitted phase

S  g  { r r ,  L l q ,L2 ,P t ,C t ,P2 }  f r om sa te l l i t e  i  can  be  desc r i bed  by

0!( t ' )  -  t ' ( t ' ) f ,  +  dob( l ' )  ,

with

{ - the epoch of signal transmission,

t i ( t t )  -  the sate l l i te  c lock reading 3t  l r ,

Js - the nominal signal frequencY,

t ,  = t r  * T t ' i  ,

is the signal proPagation time.

( r )

dO!(rt) - a phase delay due to satell i te hardware'

Once transmitted by the satell i te antenna the electromagnetic \Ä'ave propagates approximately with

the speed of l ight through the space. As long as the lt* ' of geometric optics are valid for the signal

propagation in the earthi atmosphere the signal components may be considered independentl5" In this

case the phase of the component b reaches the antenna of the receiver j at the epoch

(2 )

where

m i
I  q i  -i

t

a

I
I
t
I
i

D
t

t
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Due to the dispersive efiect of the ionosphere the propagation times are different for all signal comPo-

o""Fi. 
code tracking loop of the GPS receiver shifts an internal replica of the PRN co.de B in time until

maximum correlation with the received code is reached' At t'his time the two code phases are identical

within the measurement noise level. The reading of the internal code phase can be expressed as

where

oui(t,) = ob(tt) - daBj(t,) - erDsi(1") ' (3)

C this can

(4)

dQB/t,) - is a phase delay depending on receiver hardware and

eOsi (t,) - is a random measurement error'

The carrier tracking loop measures the so called carrier beat phase' For the carrier signal

be defined as
o- i ( r " )  =  or( t t ) -  Qcoi (1")  -  doc j ( t ' )  -  Nc i ( t , ) -  eÖ6i( t ' )  '

with

Qcoi (t') - the phase of a receiver generated reference signal'

dQcj(t ') - a pbase delay due to receiver hardware'

/Vci (r,) - the phase measurement ambiguity and

eO6i (t") - a random measurement error'

Since the reference signal is derived from the receiver clock its phase can be computed by

iDcoi( t , )  -  fcot i ( t , )  )

where

f co - is the nominal frequency of the reference signal and

ti\,) - is the receiver clock reading at t" '

using this relation a derived carrier phase observation can be computed to

Oci( r , )  =  O- i ( t ' )  *  (D66;(1, )  ,

approximatelY be comPuted bY

*(r')=ry

(5 )

(6 )

or wi th eqn'  (4)  to  
oc i ( r ' )  = o 'c( r t )  -  de6i ( t ' )  -  Nci ( t , )  -  €oc;( t ' )  '  ( i )

The ambiguity is generally a function of time, however this function is constant as long as cycle slips

do not occur. At this point it should be mentionea tn"t phase measurements obtained from squaring type

channeis change twice'as fast in time as the corresponding phases from code correlation channels' Pbases

from squaring type.tunrr"l, can be transformed io the oliginal signal frequency by dividing them by 2'

The ambiguity in such a phase can be 
"n 

iot"g., multiple of"0'5, i'e' Utlf cycle ambiguities may be present

instead of full cycle ambiguities'

A comparision of equation (7) with (3) ehows that the only principle difierence between code and carrier

pbase measurements is the carrier phase a'"biguity'

From the phase measuremeut the transmiJ"ioo epo.U of tbe signal S in the satellite time frame can
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Introducing the satellite and receiver clock errors as

a pseudorange defined by

A t ' ( t )  =  t i - t
A t i ( t )  =  t j - t ,

P Rsi$) - c (r;1r"; - 4(r')) ;

(e)
(  10)

( 1 1 )
evaluates under consideration of (7) and (1) to

PÄs; ' ( t , )  =c( t , - t ' )+c(ar r1 t ' ; - ^ rd ( r ' ) )  +c(drs j ( r " ) -d rs j ( r ' ) )  +  fns}1r " )+ccr5 i ( r " ; ,  (12)

where c is the speed of light. In the last equation the phase delay terms and phase measurement errors
are transformed üo time delays by dividing them by the signal frequency.

The receiver delay terms are assumed to be saüellite independent, whlch means that possible interchan-
nel biases are removed through calibration mea.surements.

Pseudoranges derived from different signal components are affected by satellite and receiver clock egors
in the same way. Eowever, the hardware delays are generally difiereqt. If only one signal component is
considered there is no way to distinguish between clock errors and üardwa." d"l.yr.' Only ifdifferent
components are used simultaneously, a separation is possible. Both error üerms are functions of time. The
clock error function is quite complex, but the delay eiror may be described by simple models l ike constants
or low degree polynomials. The use of non-diferenced obseivables can take advantage of the stability in
the delay terms, which could not be done if differenced measurements were used.

-. 
The first term in (12) contains the true propagation time of the signal component as defined by (2)

The propagation time is related to the geometric dirt"n." through

"(t ,  
-  r ' )  = 

l i r(r ' )  
-  &tr") l+ c6rs/; .(r ,)  + c6tr ' i4)* c6tsy,,( t ,)  + cornl1t, ;  , ( r3)

with

*'(tt) - the coordinate vector of satell i te i at the transmission epoch,

*iQ) - the coordinate vector of receiver j at the reception epoch,

6tst - the ionospheric delay of the eignal S,

6tr - the tropospheric delay,

6tsu - an additional delay describing multipath efects and phase center variations and

6tn - the relativistic t ime effects.

One gets the complete observation equation if the first term in (12) is substituted by the right side of (18).
Single terms may further be written as functions of other parameters. For instance the satellite coordinate
vector can be introduced as a function of orbit parameters.

3 Linear Combinations

In this chapter some important linear combinations of carrier and code phase measurements shall be
discussed' Besides the linear combination that yields ionoepheric corrected measurements others can be
used to improve the ambigutiy resolution, which is essentisl for high precision positioning. Among the
infinite number of possible linear combinations only those eeem to be valuable which

o have an integer ambiguity,

o have a reasonable wavelength,
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fulfils the equation

if the frequency is

o contain small ionospheric delays and

o keep the measurement noise small.

The dual frequency carrier phases (Ll, L2) transmitted by an ideal satell i te are a function of the satell i te

clock

, i ( r ) - o i . ( t ) = g q .  ( 1 4 )
h l z

The phase of the linear combination

o;,-(r)  = noi( t )+ mo;( t )  (15)

.  o :  - ( t )r ' ( r )  -
J n , m

fn,^ = nf1 * mlz ,

and the wavelength of the linear combination is

\ - '. \ n , m  -  
F

J n , m

The ambiguity in thjs derived signal is

N ' , - = n N 1  * m N z ,  ( 1 9 )

i.e. the ambiguity is an integer if n and rn are integers'

The ionospheri. d"l.y. oi th. . lt ptd^!2 signals are different, the effect in the l inear combination wil l

be
6 { -n ,mr  =  n6ö11  !  m6Q21  (20 )

The first order ionospheric effect on phase measurements can be written as

7

6 Q , ,  =  - +
J I

C r
6 Ö z t  =  - ,

J 2

where

Cr - is a function of the totai electron content which varies with time and location'

Introducing
I I f  =  h . f z  ( 2 3 )

and inserting (21) and (22) into (20) yields the first order ionospheric effect in the phase of the l inear

combination c,
6(D , , - r  = - f i { " f r *mh) ,  (24 )

which can be transformed to an equivalent time delay by dividing by the signal frequency

6tn,mr=W=-#m=-#' ,^,^ '  (25)

The measurement noise in a pseudorange computed from the linear combination wili be

6n,m = \n,^rrFl#oo ,
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tigure 1 r 
.$pp"."ot 

Signal Tyanemission Epochs

;näm. 
the phase measurement noiee in cycles of the originar phasea, which are assumed to be

Linear combinations-of code phases can be handled with the game formuras if the Lr,L2phases arefirst transformed to the frequencr* .iin" ärresponding carriers through

since code phases 
"t 

d:luv* through the ionosphere by the same-amount as carrier phases are advanced(first order effect) onrv the sig;;;;i; r' ight,ria" or"quätion iäil rr* to be changed.All signals received^at trt" t"-" tpo"i'ltau" ."""in". *".. ,)Jr-irrua at different epochs at the satellitedue to the dispersive ionospheJ;"ä""4 äh". 
"oo"r"; 

,;;;;ion epochs of some rinear combinarionsare shown in figure t. tl: carrier pi* 
"po"r,r'"." 

a"nJ"J*jii z, and the code epochs with p.Table l summarizes the characterirtiJ rr.tuo r"r trr"-ri""., combinations. Tie column denoted )

i't'ö:ll: fillJfi: ?ö;"ä,:U**n*::[:";X'ffi[i ca.ier pr,*o *i* ]u, .y.r" .-uts,iti*
-:lff*:T,Hi'::l$:,f','"'*i*$iiä*ä','"",xj;öJä'l':'JJJ:iäTi;fl"'ffiji;"I:#Jt

The most important signals 
".. 

tr,"tftq. lane, Z-'--ä rh" ,rr.rrow lane, .[>. The amount of theionospheric delay is the 
"uä," 

r"t u"iit-rig"als but trr"iiÄr.*-opposite. The wide lane has the largestwavelength and the narrow lane the ,..fiLt.noise level.-o] ,p".i"i rnt..oi 
"r. 

;; ;1" signals .La3 and'L5a since the ionospheric effect'; i l;;;.u;;il;"*rl '#"*o insread of rhe ionospheric correcred
:',itti?,",* 

advantage or Lsq i' ir," r".l that rhe ;.;.1:ö;emains rhe same iiii,"." are harf cycre
The ionospheric corrected signal Ls can be obtained from the wide and na*ow lane through

ö, = r .b'  "1" ,

Q2 = fr*

oLo=+

(27)

(28)

(2e)
and the ionospheric signal .L7 is defined as

o L r = O t r _ O L o ,  
( 3 0 )where o can be a sisnal hansmission epoch, a propagation time or pseudorange.The ambiguitv bia^ses in p"eudo.inä;; pruudorirrg" Jir"r"** computed from theee eignars are

i / ,  = l fr)r* l /aÄa

_ 2
Nt = jtr)> - y'fa)a ,

(31 )

(32)i
t

I

t
L
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Signal n m ) \ ,  t , Vr oo . l r a i l

Carrier t-l I t

t -J Ir-] l"*l t-l [^*l
L1

Lz

Lt

Lt,

L+e

Lsq

1

0

1

1

{

o

0

I

-1

1

-3

-4

19.0

24.4

86.2

10.7

1 1 . 4

1 0 . 1

19.0

12.2

43.1

5 .4

o . ,

1 0 . 1

0.779

1.283

-1.000

1.000

0.070
-0.055

3.0

3.9

19.4

2.4
o 1

10 .3

Lo

Lr

x  5 .4

= 10 .7

= 2.7

= 5.4

0.000

2.000

10.0

20.0

P-Code t-  l
L l t-l t*l [-]

P1

P^

P5

Pz

I
T

n

1

I

0

I

-1

I
I

0.779

1.283

1.000

1.000

0.47

0.47

2.68

0.33

Table 1: Linear Combinations of GPS Signals

or if the wide lane wavelength is expressed as

I a = 8 ) r + 0 . 0 5 9 ) D ,  ( 3 3 )

and the wide lane ambiguity is assumed to be small (Na S g)

N. ! Nr+ = (Nr + 8Na)+ (34)
&  x  N l l e = ( N r - 8 N a ) Ä r .  ( 3 b )

Under normal circumstances the wide lane ambiguity can easily be computed with an accuracy of *2
cyc les .  I n th i scase themax imumapprox ima t i one r ro rs in (34 )  and (35 )  a re *0 .118cyc leso f  t he respec t i ve
r+'avelengths, which justif ies the treatment of both signals as a function of the given wavelengths and *' ith
integer ambiguities.

The hardware delays of satell i tes and receivers have been neglected in this chapter in order to keep the
re la t i onsc lea r .  Theycaneas i l ybe in t roducedbycompu t i ng the l i nea rcomb ina t i onso f theo r i g i na lde lays
rn LI and L2.

4 Ambiguity Estimation

Several methods to solve the ambiguity problem are implemented in GEONAP. Ambiguities for different
l inear combination may be resolved using

o code phase measurements,

o geometric conditions or
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o ionospheric conditions.

The wide lane ambiguity can easily be derived from the difference of the signals .L6 and pr. only thehardware delays of satellites and receivers have to u. -oJ"il"a, ,in.. all otüer eff"J., except multipatherrors' drop out in this difference. with the TI 4100 P-code measurements more than 90 % of theambiguities can be solved within observation times of less than b minutes. A similar method may also be

:tJ*tf ::::ä:11;:de 
receivers or the new generation, which are abre ro measure code phases wirh

The usage of geometric conditions is the-standard approach to resolve ambiguities. with this methodthe ambiguities can onlyleestimated together with all'other unkn-orvns which appear in the pseudorangeobservation equation (12), this means alä thrt all error eources will have some innu"r,.". In order to getvalues near integers the mean effect of unmodelled errors has to be small and the geometry has to bestrong enough, which normally means that the observation times have to b; l;ng 
"r"islr.Any difference between the linear combination. or."rrl". fh*". i, only a r,in.tioo'of the ionosphereand the satellite and receiver hardware delays. If the ambiguity of one signal is known, all the others canbe computed if the effect of the ionosphere is known o..un-be modelled*with sufficient...u.u.y. In caseof the ionospheric signal ̂ L1 only an approximate knowledg. or i;" widö lane ambiguity is required.with GEoNAP the ambiguity toolrrtion is done uring ih" described methods. E-".h tim" an ambiguityis resolved for a specific lineai combination the. effective ?.r"r""stir of the other linear combinations maychange' Table 2 shows the factors to be applied to the o.igin.iäuerength of a signal under the conditionthat the ambiguity of another rinear comüination is solved.

Table 2: Effective Wavelenghtfactor

The table has to be read in the following way. If, for instance, the .L1 ambiguity is known and theobservations are corrected with this value, the. effective wavelength of L2, L 5 and .Lb remain the same butthe ambigui ty of Lsa can only take values which are a *ultipre"of 4 rin."

Nsr = 5l{r  -  4N2; N1= 0 ==+ N5a = -4N2, (36)
this means that the effective waverength of Lsq increases by the factor 4.one very interesting ca^se is founä if the^wide lur,. ambiguity is solved with an accuracy of *1. Inthis case the maximum e*or in equation (3-5)- is o.oig ;.fr or ,n" narrow lane or ionospheric signalwavelengüh' If in a next step the ambiguitvär!rr1^i9n*prräir rlsnal can be fixed the efective wavelengthof the wide lane in*eases by the factor of i to t.lzq*. The wav-erength of the remaining signals in*easesto almost the same value. This method was introduced as the ,,extra wide laning,, technique by the author

ambiguous Silnal =+

g unambiguous Signal

L1

Lz

L5

Lsq

L+s

- 1 1 1

1 - 1 1

1 1 - 2

1 1 2 _

4 5 1 9

3 4 1 7

4

5

I

o

3

4

I

I

I

9 7

7 9

, . ,

1 6  1 6

t t  I

1 5  I
Q 7

7 9

2 1 6 1 7 1 5

2 t 6  1 1
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l,
in 1988 (Wübbena 1988). It can be used very effective in emall eized networks, where tbe simple model
of vanishing ionospheric delays in eingle difterence observables can easily be used to fix the ambiguities in
the ionospheric signals. The ambiguity of the extra wide lane may then be solved with relatively short
obeervation timea compared to stand&rd approaches.

The occurence of signals with different wavelengühs is another reason for the selection of non-differenced
observables, eince a differenced observable containg integer ambiguities only if the wavelengths of the
original signals are identical or reduced to the smallest common multiplier. In the last case a loss of
information has to be accepted. Different wavelengths are already present in the observations if full and
half cycle ambiguity receivere are combined.

5 Parameter Estimation

The parameter estimation method of GEONAP ie a combination of the least squares method with the
Gau$Marcov model and the Kalman filter. Theoretically the least Bquares Gau&Marcov estimator is
just a special case of tbe Kalman filüer, however the algorithms of both are normally different. The least
squares estimation is generally done through the computation and inversion of normal equations instead of
working with the parameter or state vector and the conesponding covariance matrix as in the case of the
Kalman filter. The computation of normal equations is often faster than the updating of the state vector
and covariance matrix, especially if the majority of tbe parameters are static, which is normally the case
in the GPS adjustment. For this reason GEONAP works with normal equations, however the algorithm
is expanded iu order to be able to introduce stochastic parameters which follow dynamical models.

The following fu a brief description of the parameters which may be estimated with GEONAP. It should
be noüed that in normal data processing on)y a eubset of the mentioned parameters are estimated.

Receiver coordinates are estimated for all stations, i.e. no coordinates are fixed. This is done since
there is no observation equation where the coordinates of one station drop out. The introduction of a
fixed station, as often done in double differencing softwares, is only correct if these coordinates are really
known. This is eeldom the case. Alühough the effect of errors in the fixed coordinates may be small, the
covariance information of abeolute and relative coordinatea ehould be present in the results. For longer
intersüation distances even a double difference observable is able üo estimate absolute coordinates with
reason able accuracies.

Satellite and receiver clock errors can be modelled with a s€cond degree polynomial plus a complete
stochastic model consisting of up to 4 parameters describing all the characteristic error sources of atomic
and high quality crystal clocks. In the normal operation mode clocks are modelled with one parameter
which is treated as white noise, this has the effect of implicitly elimiuating clock errors as in a double
difference model. The use of the.full clock model introduces additional information into the adjustment.
This is especially useful in combination with orbit improvements and if some receivers are operated with
high quality ceeium etandards or hydrogene masers. In this case the clock information helps to separate
orbital parameters of difrerent satellites. If the observaüions of different receiver types with different
obeervation epochs ehall be adjusted eimultaneously a complete modeling of the eatellite clocks seems üo
be the only general and practicable way. Alternative approaches which try to synchronize measurement
epochs through normal points or polynomial interpolation algorithms may work if high measurement rates
are used, however the stochastics of the interpolated measurements ehould be analyzed carefully.

Hardware delays of satellites and receivers can be modelled with second degree polynomials plus one
stochastic parameter. The last one can be a white noise, integrated white noise or Marcov process para-
meter. As with the clock errors the white noise model acte as an implicit elimination of the delay if the
variance ie chosen high enough.

An orbit improvemeut can be done with GEONAP with a short arc model. Up to 6 Keplerian para-
meters can be eetimated for a,rcs of a few houre length.

Rrsidual tropoopheric refraction enorE can be egtimated with oue ecale parameter for each obeerved
station. The parameter can be eatimated as a constant or Marcov process parameter.

The electron content of the ionoophere can be estimated in different ways. One implementation solvee
for improved parameters of the Klobuchar model, another eatimates arbitrary polynomials in a coordinate
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space defined by latitude and local t ime. The parameters of both models may be introduced as a function

oi t i*". This can either be done through polynomials in time or through stochastic models. Both models

assume a single layer ionosphere. The mapping function of the vertical electron content into a slant

electron content is one crit ical factor in such a model, so it may be improved by estimating a mapping

function parameter. Further a stochastic model is implemented with one Marcov Process parameter for

each station-satellite pair. Correlations of these parameters can be introduced as a function of ionospheric

subpoint distances.
The implementation of ionospheric models is mainly done for ambiguity estimation purposes and not for

the estimation of refraction corrections for single frequency receivers, since in the latter case the accuracy

requirements are much higher than.in the former one. It should be noted that an ionospheric modeling

is quite difficult. A careless use can lead to incorrect results. However, the method could successfully be

ur"d to resolve ionospheric signal ambiguities for interstation distance of several hundreds of kilometers'

One parameter is introduced for each non-resolved ambiguity and for each unrecovered cycle slip.

GEONAP maintains a complete bookkeeping of ambiguities and cycle slips. Single ambiguities or linear

combinations of ambiguities are fixed to integers if they pass a statistical test' The fixing is done by

introducing an "observation" of the integer with an infinite weight'

The adjustment of observations is normally done session by session. A network adjustment combines

the session solutions to a complete network solution. In case of remaining ambiguities the network solution

may be resubstituted into the session solution in order to solve for more arnbiguities.

External observations like terrestrial range measurements or fiducial point coordinates may be introdu-

ced into the adjustment. This may strengthen the ambiguity resolution or may define a reference datum.

6 Examples

Because of the l imiüed space no examples can be given at this point. Some results of GEONAP processing

can be found in papers iresented at this symposium. Static positioning results are found in Carnpos el'a\.,

1989 and kinematic positioning experiments are presented in Seeöer and Wübbena, 1989.
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